Math 3301 Homework Set 10 — Solutions 10 Points

7. (3 pts) I'll leave it to you to verify that the eigenvalues and eigenvectors for this matrix are,

-5 -3
=9 7= dy=-2 7%=
1 n 1 2 n )
The general solution is then,
-5 -3
¥(t)=ce™ +ce
()= ( 1 j 2 2
Applying the initial conditions gives,

0 =5 -3 0=-5¢, -3 ¢ =L
—4 1 2 —4=c +2c, ¢, =-2

=
The actual solution is then, X3
-5 3
= -9t -2t
.

A sketch of the phase portrait is to the right. The
equilibrium solution in this case is an asymptotically stable H

node. Don't get excited about the fact that the two lines X1
are so close together. Sometimes that happens. H'_H_"“‘—'—-—-—k ;ﬁ’l
—_— ]
— 7

10. (4 pts) First convert to a system in matrix form.

X, = X =X 0 1 5
Yo T = i’={ . }z 55(0):( ]
X, =y Xy ==X +X, -1 -1

4

I'll leave it to you to verify that the eigenvalues and eigenvectors for this matrix are,

2 2
A=1+2i 7= Ay=t-2i 7%=
R T g S PR

Next,

(4+2i)¢ 2 R . . 2
e [1+4J—e (cos(21)+zs1n(2t))(l+4ij

L 2cos(2t) e 25in(2t)
=e? . +ie? .
cos(2t)—4sin(2¢) 4cos(2¢)+sin(2¢)
The general solution is then,

#(1)=ce” Lcosé:)o_s gzstil)l(y)}r e’ (4 008?;?)152521(2’ )]

Applying the initial conditions gives,
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5 - 2 0 5=12c¢
:x(O):c1 +c, = =
-1 1 4 ~1=¢ +4c, c, =-

The actual solution to the system is then,

£ (1) = 2cos(2¢) 2sin(2¢) JZ[SCOS(Zt)—%sin(%)J

1t 1 1t
¢ (cos(Zt)—4sin(2t)j v¢ (4005(2t)+sin(2t) —cos(2¢)—2sin(2¢)

iy
I
[ [oY

ool

Y[

The solution to the original differential equation is then, X3
y(t)= e (5 cos(2t)—%sin(2t))

=5¢”" cos(2t) —Z¢” gin (21)

From the system,

0 1|1 0 /z/
4 4
we can see that trajectories will cross the x; axis going

X1

5

downwards. A sketch of the phase portrait is to the right.
The equilibrium solution in this case is an unstable spiral.

11. (3 pts) I'll leave it to you to verify that the eigenvalues and eigenvectors for this matrix are,

Next,

— A :_1 = 4p +4p,=1 = p=t-p, = ,5:%
4 4 p2 1 1 2 1 4 2 0

The general solution is then,
X(t)=ce” -l +c, e - +e
1 1 0

Applying the initial conditions gives,

0 -1 1 0=—c ++ =-2
= )?(0) =ce” +e, |t = RAKhC = “
-2 1 0 -2=¢ c,=-8

The actual solution is then,

EN S
N—
%r_/
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=l (o) N
= \)

~d}

From the system,

AR

we can see that trajectories will cross the x, axis going

X1

The equilibrium solution in this case is an unstable
improper node.

upwards. A sketch of the phase portrait is to the right. \

Not Graded

1. First the eigenvalues.

det(A—Al)=

Now the eigenvector for 4, =

1 _) -5
s n+57,=0 = n=-5n = 7n’'= 1
|2

the eigenvector for 4, =4 .

T - e - - e

2. First the eigenvalues.

= Nlu-

2-2 1
-1 —4-2

The (only) eigenvector for A, 2 = —3is then,

tormy_(0) pAn=0 = n=n = ﬁu):—l
-1 -1, 0 171 1 2 1

3. First the eigenvalues.

det(A4-A1)= =(2-2)(=4-2)+1=(A+3) = 4,=-3

-1 =5
10 9-4

Now the eigenvector for A, =2+i

det(A—/’tI)=

‘=(5—/’t)(—9—}t)+50=/12+4}t+5 = A,=2%



Math 3301 Homework Set 10 — Solutions 10 Points

3-i 5](n)_(0 . . (3
{ 10 _11_1}(772] [Oj ( 1)771 1, n, 5( 1)772 n 5

Then by the fact given in class the eigenvector for 4, =2 —is,

3+1
=(2) _

4,
X, = X =x 0 1 3
T S N 2 b A (O
X, =y X, =3x,+5Xx, 3 3 8
5.
X, =Yy X, =X, 0 1 0 9
=y = x=x = X=(00 1|1x x(0)=|-6
x, =" x; =x, —14x, 0 1 -14 3

6. I'll leave it to you to verify that the (messy) eigenvalues and eigenvectors for this matrix are,

—(1 6 1 7 °
3, = (114+57) ”():[Hﬁl 2, =4(11-+97) 77”{7_\/%]

The general solution is then,

Sy (1N Y o7y 6
X(t)=ce (7+\/ﬁ]+cze (7-@]

Don’t get excited when you run into “messy” eigenvalues and/or eigenvectors. They are fairly common.

8. I'll leave it to you to verify that the eigenvalues and eigenvectors for this matrix are,

~ -1 - 1
A =-3 77“)=[7j A, =5 77‘2)=@

The general solution is then,

Applying the initial conditions gives,

-3 -1 1 -3=—c +c o=t
=5€(0)=cl +c, = LR b
-1 7 1 -1=7¢,+c, c, =—1
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The actual solution is then,

-1 1
¥(t)=1e™ — e
=17 )4,
A sketch of the phase portrait is to the right. The
equilibrium solution in this case is an unstable saddle
point. Don't get excited about the fact that the two lines
are so close together. Sometimes that happens. /A//

9. I'll leave it to you to verify that the eigenvalues and eigenvectors for this matrix are,

—1+2i —-1-2i

e (‘tﬂ :(cos(4t)+isin(4t))[_1;Zij
_ (—Cos(4t)—23in(4t)}+i(2cos(4t)—sin(4t)]

2cos(4t) 2sin (4¢)

Next,

The general solution is then,

(=6 L—cos(4t)—2sin(4t)}+cz (2 cos(4t)—sin(4t)]

* 2cos(4t) 25in(4t)

Applying the initial conditions gives,

7 _ -1 2 7T=—c +2c, ¢ =2
:x(O):c1 +c, = =
—4 2 0 -4 =2c, c, =%

The actual solution is then,

£(0)= _2(—cos(4z)—2sm(4z)}r

2cos(4¢)

(Y[

[2 cos(4t) —sin(4t)j :( 7 cos(4t)+3sin(4t) )

2sin (4t) —4cos(4t)+5sin(4¢)
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From the system, X3
-2 =5|(1 -2
ol
we can see that trajectories will cross the x; axis going

upwards. A sketch of the phase portrait is to the right.
The equilibrium solution in this case is an stable center. (‘

12. I'll leave it to you to verify that the eigenvalues and eigenvectors for this matrix are,

Next,

- % P 2 _%
{— MU T oTEAmaTE = amme 2 ”zm

The general solution is then,

olw Aw

Applying the initial conditions gives,

4 2y (-t 4=2c % ¢ =1
=x(0)=q|  |+¢| ’| = aTse 4 4
1 1 0 1=¢ ¢, =—3

The actual solution is then,

T o I

we can see that trajectories will cross the x; axis going —4,/4"

downwards. A sketch of the phase portrait is to the right.
The equilibrium solution in this case is an asymptotically
stable improper node.
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