Math 2415 Homework Set 4 10 Points

1. (2 pts) We'll need the gradient of the function : F(x,y,z) =x’ cos(4y)+ y2 (3 — Z)2 =8
VF(x,y,z):<3x2cos(4y),—4x3sin(4y)+4(3—z)2,—8y(3—z)> VF(-1,0,5)=(3,16,0)
The tangent plane is then,
3(x+1)+16(y—0)+(0)(z—5)=O = 3x+16y=-3

The normal line is,

(1) =(-1,0,5)+¢(3,16,0) = (-1+31,16t,5)

3. (4 pts) Here are all the derivatives and D.
— Q43 2 _ _ 2
h =8x"+4y" —8x h,=8xy—4y h =24x" -8

h, =8y h,, =8x—4 D =(24x" -8)(8x—4) 64y’

Now, find the critical points.

8x’ +4)y° —8x=0 8xy—4y=4y(2x-1)=0 = x=1,y=0

x=1:4y"3=0 = y=+fi=228
y=0:8x"-8x=8x(x’~1)=0 =  x=0, x=x]
So, it looks like we’ve got 5 critical points. Here they are and their classifications.

(0,0) : D=32>0 h.(0,0)=-8<0 Relative Maximum

(l, O) . D=64>0 h, (1,0) =16>0 Relative Minimum

(-,0) : D=-192<0 Saddle Point

(%,%) : D=-48<0 Saddle Point

(%,—%) : D=-48<0 Saddle Point

8. (4 pts) From the constraint we have —\/7 <X,y,z<4/7 sowe are on a closed, bonded region.

Therefore, we know that absolute extrema will exist.

Here are the equations we need to solve and notice that we can’t have 4 =0 as the last would clearly

not be valid.
—2x=2xA = x=0, A=-1
—4y=2yA = y=0, A=-2
8=2zA = z=4

X4y =17
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The first two equations gives several possibilities. Note however, that regardless of which of those we
use the results from the last equation will be true. So, let’s start with the two possibilities from the first
equation. First, if x =0 we then have either y =0 or A =-2 from the second equation. So, going

through each we get,

x=0, y=0: =7 = z=+JT = (o,o,ﬁ), (0,0,—ﬁ)
x=0, A==2:z=%==2 = ’=3 = (043,-2), (03,2

Next, let’s see what happens if we let A =—1, In this case we get only one possibility from the second

equation (can’t have A being two different values....): y =0. So, in this case we have,

A=-1, y=0:z=4=+4 = x*=-9 = x=13i

We don’t deal with complex numbers in this class so we can ignore these values. We therefore have
four points to plug into the function,

F(0.07)=8v7  £(0,0,-7)==87  f(0.3,-2)=r(0,~/3,-2)=-22

The minimum is -22 which occurs at (0, \/5,—2) and (0, —\/g,—Z). The maximum is 8\/7 which occurs

at (0,0,ﬁ).

Not Graded

2. The gradient of the function F(x, y,z) =3x’ —y2 +6z°=1is VF = <6x, —2y,122> and we know
that this is orthogonal to the surface at any point and so is the normal vector for the tangent plane. We
want the point(s) where this is parallel to the normal vector of the given plane, 7 = <9,—3,1>. We know

that parallel vectors will be parallel if they are scalar multiplies of each other. In other words, there is a
number ¢ so that,

VF =i = (6x,-2y,12z) =¢(9,-3,1)=(9¢,-3c,c)

Setting components equal gives the following three equations that can be solved for x, y, and z.

6x=9c x=3c
—2y=-3c = y=3c
12z=c¢ z==Lc

LS}
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Now, since the points must be on the surface they must also satisfy 3x? —y2 +62z> =1 so the equations

above into this and solve for c.

3(2¢) = (2¢) +6(hc) =1 = o] = =2 =1£04692

We've got 2 ¢’s and so that means that we have two possible points. One for each c. The points are,

(0.7038,0.7038,0.0391) (-0.7038,—0.7038,-0.0391)

4. First get all the derivatives and D. Also after each derivative | factored a little to help with the next.

gx:(1—16x2)ye7( gy=(1—4y2)xe7(

8x2+2y2) 8x2+2y2)

g. = 16xy(16x2 —3)e_(8x +27’) g, = (1—16x2)(1—4y2)e_(8x ) g, = 4xy(4y2 —3)e_(8x 2%)
D=64x*y* (16x* ~3)(4)? —3)e’2(8x ) —(1-162) (1-4y%) ¢ 2 (342)
Kind of messy but there they are. Now find the critical points.
(1_16x2)ye—(8x +2y):0 (1_4y2)xe—(8x +2y):0 = x=0,y=+1
x=0 y_(8x+2y)=0 = y=0
y=%1 : 41 16x2)e‘(8“2y)=0 =  x=xi
y=-1: —L(1-16x7) L S
So, we have 5 critical points. Here they are and their classifications.
(0,0) : D=-1<0 Saddle Point
(4.9) : D=4e’>0 fu($,)=—4e"<0 Relative Maximum
(—%,%) : D=4e?>0 fo (—%,%) =4e' >0 Relative Minimum
(+.-1) D=4e?>0 ful(4.—3)=4e"'>0 Relative Minimum
(-4.-1) : D=4e’>0 fu(-3.-1)=—4e"<0 Relative Maximum

5. We'll first need to find the critical points of the function and determine which ones (if any) fall in the
region.

1 1
fi=12-y+— f=—x+——m—
X 8(y-12)
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12—y+L2=0 = y_12=i2
x x
ﬁ—x=0 = %—x=%x4—x:x[éx3—lj:0
Y- 1 )
8( V.

From this it looks like we have x =0 and x = 2 however, note that if we use x =0 we get division by
zero in the function and so we can’t use that. We therefore have only x =2 which gives a single critical

point of (2,%). This is outside of the region where working with (see figure/equation below to

convince yourself of this) and so we don’t need to worry about it either.

Now we need to deal with the boundaries of the y
region. The region is shown to the right and the
equations defining the boundaries are,

(=]

Top :y=0, 1<x<4
Left :x=1 0<y<9
Right : y=12-3x,1<x<4 i

We now need to run through each of these.

N
1 1 1 12x*+1
: - C2x— et — () =124 =
Top g(x) f(x,O) X x+96 g(x) +x2 =

We can’t have x =0 for the critical point (division by zero in original function) and the derivative is
never zero and so there are no critical points and all we need to worry about are the end points. The
function evaluations are then,

g(1)=/(1,0) =122 =11.0104 g(4)=f(4,0) =45 = 47.7604

1 , 1 -8y’ +192y—1151
—  K(y)=-1+ =
8(y-12) 2 8(y—12)° 8(y-2)

We can’t have y =2 as a critical point (because the function doesn’t exist there) and the derivative is

Left: 2(y)=f(Ly)=12-y-1-

zeroat y = # =11.6464, 12.3536 and these are both outside of the range of y’s we are working
on and so can be ignored. So, again, all we need to worry about are the end points. The function
evaluations are then,

h(0)=£(1,0)=127 =11.0104 h(9)=f(1,9)=%=2.0417

23 , 23 23 +144x°
Right : g(x):f(x,l2—3x)=—E+3x2 g (x): 24x2 +6x:sz
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The only critical point here is x = /42 =1.8431 (which is in the range of X's we are working on). So

we’ll need the function at this point and the endpoints. Note however that we’ve really already done
them in the previous two boundaries and so won’t list them here.

2(1.8431) = £(1.8431,6.4707) =9.6711

So, from this work it appears that the maximum value is 47.7604 and it occurs at (4, 0) while the
minimum value is 2.0417 and it occurs at (1, 9).

6. From the constraint we have —% <x< % and —3 < y <3 so we are on a closed, bonded region.

Therefore, we know that absolute extrema will exist.

l6xy=4x1 = 4x(4y-4)=0 = x=0, y=11
8x* =2yA
2x°+y° =9

From the first equation we get two possibilities so let’s go through each.

x =0 : Inthis case we can go straight to the constraint to get,

=9 = y=+3 = (0,3),(0,-3)

¥y :% : Here we’ll need to plug this into the second equation to get,
2 2 2 2
8x" =14 = x =%
Plugging both of these into the constraint gives,
2(%/12)+%/12=%/12=9 = A? =48 = A=143

Each of these values of A give the following points.

1=4: a=2B y=B = (VBB (VBAB)
PPN Y N N § Y
So, we have a total of 6 points to check. Here is the function evaluation for each.
f(i\/§,\/§)=24\/§ f(i\/§,—\/§)=—24\/§ £(0,43)=0
The maximum is then 24\/5 which occurs at two points, (i\/g,\/g) while the minimum is —24\/5

which also occurs at two points, (i\/g,—\/g).

7. For this problem we need to assume that z <0 in order to make sure that solutions will in fact exist.
If we allowed any z then we could take z as large and positive as we wanted and with sufficiently large x
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and/or y we’d be able to meet the constraint. This however would allow the function to grow as large

as we wanted. By restricting z < 0 we force all three terms in the constraint to be positive or zero and
because the sum of the three positive (or zero) terms must be 16 then neither can be too large and so

we know that we will have a minimum and (more importantly) a maximum value of the function.

vz =18x4 = xyz =18x°1
xz=2yA = xyz =2y
xy=-34 = xyz =-3zA

9x*+y*-3z=16

We got the second set of equations by multiplying the first by x, the second by y and the third by z. If
we set the first and second equal as well as the first and third equal we get,

24(9x* - y%)=0 = A=0 or »*=9x
32(6x% +2)=0 =N A=0 or z=-6x

Let’s start off by assuming that A =0. In this case the three original equations become,

yvz=0 = y=0 or z=0
xz=0 = x=0 or z=0
xy=0 = x=0 or y=0

We can’t have all three zero since that won’t satisfy the constraint. However, notice that if y=0 then we
must have either x or z be zero in order to satisfy the second equation. Likewise if x=0 then either y or z
must be zero to satisfy the first equation. Finally, if z=0 then either x or y must be zero in order to satisfy
the third equation. So, we can’t have all three be zero and we can’t have only one be zero. However, in
this case, we can have two of them be zero. So, if we assume that two are zero and plug these into the
constraint to solve for the third we get the following five points,

(0,0,—%) (0,£4,0)  (£%,0,0)

Now, let’s assume that A # 0. This forces y2 =9x? and z =—6x". Plugging these into the constraint
gives,
9x”> +9x° +18x> =36x" =16 = x=*2

In either case for x we get that y =42 and z = —% and so we get the following set of points.
G2 (G2 (a3 (2

Finally all we need to do is plug into the function.
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The maximum value is then 32 which occurs at (—%,2,—2) and (£,-2,—2%). The minimum value is
9 3 3 3 3

—=* which occurs at (%,2

,—%) and (—%,-2,-%).



